Abstract-We demonstrate that a strong upper bound on the objective of the alternating current optimal power flow (ACOPF) problem can significantly improve the effectiveness of optimization-based bounds tightening (OBBT) on a number of relaxations. We additionally compare the performance of relaxations of the ACOPF problem, including the rectangular form without reference bus constraints, the rectangular form with reference bus constraints, and the polar form. We find that relaxations of the rectangular form significantly strengthen existing relaxations if reference bus constraints are included. Overall, relaxations of the polar form perform the best. However, neither the rectangular nor the polar form dominates the other. Ultimately, with these strategies, we are able to reduce the optimality gap to less than 0.1% on all but 5 NESTA test cases with up to 300 buses by performing OBBT alone.
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I. INTRODUCTION
T HE alternating current optimal power flow (ACOPF), also referred to as the OPF, is a fundamental problem for reliable and efficient operation of the electric grid and is the basis of more complex operations problems such as unit commitment. Global optimization of the OPF guarantees revenue adequacy of the locational marginal prices (LMPs) by closing the duality gap. Moreover, OPF problems with discrete decision variables, including unit commitment, are modeled as mixed integer nonlinear programming (MINLP) problems, where global solution of the nonlinear ACOPF is a required subproblem for many algorithms. Therefore, efficient global optimization of the ACOPF problem is a critical step towards incorporating higher fidelity models into practical grid operations.
Kocuk et al. [1] proved that the second order cone (SOC) relaxation is tighter than a linear McCormick relaxation of the rectangular OPF (RM) under certain assumptions on variable bounds. As a result, they initially strengthen the SOC relaxation with arctangent constraints, cycle constraints, and semidefinite programming (SDP) cuts, and later with matrix minor reformulations [2] . However, we demonstrate that a quadratic form of the RM relaxation, in combination with explicit reference bus constraints and optimization-based bounds tightening (OBBT) [3] , can also be quite effective in practice for improving the performance of the existing SOC [4] and quadratic convex (QC) [5] OPF relaxations since this produces tighter bounds on the variables than those assumed in Theorem 3.1 of [1] . Specifically, we extend our findings in [6] and demonstrate that neither the RM nor the QC (with McCormick envelopes, reference bus constraints, and OBBT) relaxation dominates the other, and, between the two approaches, we close 91% of the NESTA archive [7] test cases up to 300 buses. This result requires no branching or piecewise refinement, and therefore is a promising foundation for future work. The remainder of this letter first reviews these relaxations, and then presents significant improvements to the numerical results reported in [1] and [8] .
II. ACOPF RELAXATIONS
We use lower case symbols to represent variables, upper case symbols to represent parameters, and upper case script symbols to represent index sets. The sets G, G b , and B represent the sets of all generators, generators connected to bus b, and buses, respectively. The set A contains all connected bus pairs. The set K is a set of three-tuples containing both (transmission line index, "from" bus, "to" bus) and (transmission line index, "to" bus, "from" bus) 3-tuples for each transmission line. Fi-
The superscripts G, D, and Sh represent generation, demand, and shunt, respectively. The
l,b,n , and C γ,q l,b,n are functions of branch characteristics [9] .
We explore three relaxations with the following base formulation in (1) for co-optimizing real and reactive power, p and q, respectively. 
The rectangular OPF (i.e., where v r and v j represent the real and imaginary components of the nodal voltages, respectively) is defined with the following substitutions for α, β, and γ :
The polar OPF (i.e., v and θ represent nodal voltage magnitude and angle, respectively) is defined with the following substitutions into (1):
Constraints (1b) and (1c) enforce power balances, (1d)-(1e) compute power flows, (1f) enforces thermal limits, (1g) enforces voltage magnitude bounds, (1h) and (1i) enforce generator limits, and (1j) limits the voltage angle difference for interconnected buses.
The solution to both forms of the OPF problem is non-unique without fixing a reference voltage angle at one of the buses, re f ∈ B. In the polar form, this reference bus constraint is
In rectangular form, there is a domain reduction for v r re f :
The choice of reference bus does not impact the optimal solution of the ACOPF problem, but it may impact the quality of the relaxation [6] , [10] . For comparison purposes, we used the reference bus location specified in the test cases.
There is a SOC equality relationship amongst α, β, and γ that may be relaxed to the following convex inequality:
The SOC problem [4] is given by (1) and (6).
McCormick envelopes can be applied to (2), yielding
where x y ∈ MCC(x, y) denotes the McCormick envelopes for the bilinear term x y. The RM problem is given by (1) and (5)- (7). The QC formulation [5] is a quadratic convex relaxation of the polar form in (3):
Here, cosx ∈ C R(x) and sinx ∈ S R(x) denote relaxations of the cosine and sine functions, respectively [5] . Additionally, when min b,n ≥ 0 ( max b,n ≤ 0), the sine function is concave (convex) and requires two linear over (under) estimators; this is the linear variant of S-CONV in [8] . The QC problem is given by (1), (4), (6) , and (8).
III. NUMERICAL RESULTS
To analyze the strength of the different relaxations, we iteratively solve the specified relaxation and perform OBBT to compute valid bounds for the specified convex relaxation R of the ACOPF feasible region by minimizing (for the lower bound) and maximizing (for the upper bound) each variable, i.e.,
Here, f (x) denotes the objective function in (1a) and UB denotes the objective value of the best-known solution to the NLP. Note that any of the relaxations may define R. A more efficient approach to OBBT is to optimize only over a subset of the constraints in R (e.g., corresponding to a subset of the network [1] ). However, this can lead to weaker bounds. Our bounds tightening procedure is similar to the minimal continuous constraint relaxation network algorithm presented in [8] but includes the UB constraint.
To evaluate the impact of the UB constraint, we implement OBBT with and without the UB constraint, denoted as OBBT(UB) and OBBT, respectively. All problems were modeled with Pyomo [11] and solved with IPOPT [12] using the linear solver MA27 [13] . OBBT was performed in parallel on a cluster with 24 64-GB-RAM nodes and 16 2.6 GHz Intel Sandy Bridge cores per node. We used 12 processes per node. The relaxations compared and summary results are as follows:
a Percentage of 58 NESTA cases with less than 0.1% optimality gap. b Initializing the NLP from the updated solution to the relaxation and recomputing the UB between iterations of OBBT results in an optimality gap reduction from 0.5% to less than 0.1% for both RM ro and QC ro .
We note that because the reference bus selection does not result in further domain reduction for polar OPF, QC o was omitted.
Detailed results are reported in Table I for the NESTA archive [7] , including the optimality gap, wallclock time, and number of iterations. We define a single iteration as performing OBBT once on all appropriate variables. Our stopping criteria are as follows: (1) optimality gap less than 0.1%, (2) wallclock time exceeds one hour, or (3) optimality gap improved less than 0.1% in 20 iterations of OBBT. For (3), the gap and wallclock time reported were obtained by the last iteration prior to stalling.
Out major findings are that the OBBT(UB) significantly improves performance across relaxations, and neither the RM ro nor the QC ro dominates the other. Overall, the QC ro formulation performs best. However, the RM ro formulation can significantly tighten the SOC relaxation and may be improved by adjusting the location of the reference bus [10] . This is left for future work. Across all relaxations tested, only 5 cases did not solve to less than a 0.1% optimality gap. This is a significant improvement to the results reported in [1] and [8] . Note that this advancement requires no branching or piecewise refinement, which is a promising foundation for future work on the global optimization of the OPF. We recognize that the full OBBT approach considered here will not scale well to larger cases, and integration of these techniques (and those described in [1] and [8] ) within a scalable global optimization framework (such as the algorithms presented in [14] or [15] ) will be the subject of future work.
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